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In this paper we determine the maximum number of &ges that a strong digraph can have if 
it has a unique minimally stroug subdigraph. We show that this number equais lrils = I)/2 + 1. 
Furthermore we show that there is, &to an isomorphism, a unique strong &graph which 
attains this maximum. 
1. Mrodaction 
A connected graph G with n vertices always has a minimally connected 
subgraph, namely a spanning-tree. Moreover, the following three properties hold: 
- Every minimally connected graph on IZ vetiices has exactly n - 1 edges. 
- Every edge of G belongs to some minimally connected subgraph of G. 
- G has a unique minimally connected subgraph if and only if G is itself 
a tree; or equivalently G has exactiy II - 1 edges. 
We consider here the analogous properties for digraphs. A digraph B is st~z.zg 
(strongly connected) provided that for each ordered pair of distinct vertiws x and 
y there is a path from x to y. A digraph D is nzin~~~’ s@s~g (minimally strongly 
connectedj if D is %zong but the removal of any edge resu!ts in a digraph that is 
not strong. A strong digraph always has a minimally strong subdigraph, but the 
analogy then begins to break down. A miniially strong digraph with n vertices 
can have as few as n edges-when it is a cycie on n verbs, and as many as 
2(n - 1) edgeewhen it is a symmetric digraph whose underlying raph is a tree 
[2,3]. The digraph D of Fig. 1 shows that neither one of the other two properties 
indicated above for connected graphs holds in the directed case. First, not every 
edge of a strong digraph need belong to a minimally strong subdigraph of
example the digraph of Fig. 1 has 3 edges in no minimahy connected subdigraph. 
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Fig. 1. 
Moreover, a strong digraph fi can have a unique minimally strong subdigtaph 
different from D as does the digraph in Fig. 1. 
In this paper we determine the maximum number of edges that a strong 
digraph can have if it has a unique minimally strong subdigraph. We show that 
this number equals $(n(n - 1)) + 1. Furthermore we show that there is, up to an 
isomorphism, a unique strong digraph which attains this maximum. For n = 4, 
this digraph is the one drawn in Fig. 1. 
Let D be a strong digraph with PZ vertices. The digraphs in this paper are simple, 
unless otherwise stated. We fkst consider the case where the unique minimally 
strong subdigraph ofD is a Hamiltonian cycle. Label the vertices of the digraph 
such that its unique Mamiltonian cycle is C = (1,2, . . i ; n, 1). Al1 arithmetic 
operations on the labels are done modulo 12. We denote the edge set of D by 
E(D) and its vertex set by V(D). The indegree and outdegree of a vertex u are 
denoted by d-(v) and d+(v) respectively. 
Lema P. Let D be a strong d$pph wilh ti vertices whose unique minimally 
strong subdigraph is a Humiltonian cycle C. Then 1 E(D)1 G $n*. 
Proof. Wc show that for every vertex k = 1,2, . . . , n 
d+(k) -+ d-(k + 1) s bz (2.9 
With no loss of generality assume k = 1. If there is no vertex j > 2 such that 
(1, j) E E(D), then d+(l) = 1 and hence (2.1) holds. Otherwise let i > 2 be the 
smalkst index such that (1, i) E E(D). Then d+(l) 6 n -I + 2. Suppose there is 
an edge (j, 2) with j 2 k Then_ the digraph obtained from D by deleting the edge 
(1,2) is strong and hence D has a minimaPly strong sub&graph other than C. It 
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follows that C(2) s i - 2. Hence a”(1) + d-(2) G n. Similarly, (2.1) holds for 
every k = 1,2, . . . , r”c and hence 
IE(D)I = 4 2 (d+(k) + d-(k)) s in* •I 
k=l 
Lemma 2. Let D be a strong digraph on n vertices and let P = (1, . . . , n) be a 
Hamiltonian path in D. If every minimally strong subdigraph of D contains P then 
IEI s $(n + 2)(n - 1). Equality holds if and only if D consists of the Hamiltonian 
path P together with all edges (i, j) such that i > j. 
Pro&. As in the proof of lemma 1, we can conclude that 
d’(k)+d-(k+l)sn k=l,...,n-1. 
Combining this with the fact that 
d+(n) G n - 1 and d-(l) s n - 1, 
(2.2) 
(2 3) . 
we get 
IEI = 4 (2 d+(k) + 2 d-(k)) s 3(n(n - 1) + 2<n - 1)) = $(n + 2)(n - 1). 
k=l k=l 
It is clear that if D consists of P together with all edges (i, j) with i > j, then 
equality holds. Conversely, suppose that ecluality holds. Then we must have 
equalities in (2.2) and in (2.3). In particular d+(n) = n - 1 and hence (n, i) E 
E(D) for i=l,...,n - 1. It suffices to show that there is no edge (i, j) with 
j > i + 1. Suppose that there is an edge (i, j) with j > i + 1. Then the path 
(i,j,j+l,..., n, i + 1) joins i to i + 1 in D and hence the &graph obtained from 
D by deleting the edge (f, i + 1) is strong. It follows that D has a nJnimally strong 
subdigraph that does not contain P, a contradiction. bl 
Let S and R be two disjoint subsets of V(D). We denote by (S:R) the set of 
edges with one endpoint in S and the other endpoint in R. We say that (S:R) is 
the set of edges between S and R. 
Lemma 3. Let D be a digraph on n vertices whose unique nrinirllally strong 
subdigraph is the Hamiltonian cycle C = (1,2, . . . , n, 1). Let p be an integer such 
that 2 up G n. Then 
I({;):(5 . . . , p)) - E(C)! sp - 1. 
Equality holds only if(p, 1) E E(D) - E(C). 
0%. The proof is by induction on p. The result is trivial if p = 2. Suppose it is 
true for k up and let k = p + 1. If there are no edges uli”,~~rvll A ciiLU ykclb%B,pnn 1 am4 - + 1 eqg 
possibly edges of the cycle C, then the result follows from the inductive 
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hypothesis and equality cannot hold. Similarly, if I( { 1) : { 2, . . . , p}) - E( C)l G 
p-2 then 1({1}:{2,. . . , p}) - E(C)1 s (p - 2) + 2 =p and equality implies that 
(p + 1,l) cr’ E(D). It remains to consider the case where 1((l) : (2, . . . , p}) - 
E(C)1 =p - 1. By the inductive hypothesis (p, 1) E E(D). It remains to consider 
the case where I({ 1) : (2, . . . 9 p}) - E(C)} = p - 1. By the inductive hypothesis 
(p, 1) E E(D). This implies that (1, p + 1) $ E(D) because otherwise, there is a 
minimally strong subdigraph of D not containing the edge (p, p + 1). Hence 
1((l): (2, . . . , p -k l})l G p with equality only if (p + 1) E E(D). Cl 
Let D be a digraph on vertices whose unique minimally connected 
subdigraph is the Hamiltonian cycle C = (i, 2, . . . , n, I). Then the number of 
edges betdeen {I} and (2, . . . , n} which arc not edges of C is at most n - 2. 
By Lemma 3, if the number of edges between 1 and (2, . . e , n} is exactly 
n - 1, then (n, I) E E(D j - E(C). ‘&is contradicts the fact that D is a simple 
digraph. i3 
Tkorem 5. Let D = (V, E) be a strong digraph on n vertices whose unique 
minimally strong subdigraph is the Hamiltonian cycle C = (I, 2, . . . , II, 1). Then 
IEI sn ( ) 2. + 1. 
Moreover, equality hold -c if and only if D is isomorphic to the digraph obtained 
from the Hamiltonian cycle by adding a!! edges of the form (j, i) with 1~ i <j G n 
(see Fig. 2j. 
Clearly, if D is isomorphic to the digraph of Fig. 2 then it has I E( = 
+ 1 edges. First suppose that for some i and j j #i + 1 there holds (i, j) e E 
Fig. 2. 
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and (j - 1, i + 1) E E. We include here the degenerate cases j = i + 2 and j = i. 
(Arithmetic is done here modulo n.) For simplicity assume that i = 1 and 
j=m + 2, m 3 1. Let D1 and & be the vertex subgraphs induced by the sets 
(2 3 9 ,..., m+l) and {m+2 ,..., n, 1) respectively. In the degenerate cases 
one of Dl or Dz are singktons. If there is an edge (s, t) # (m + 1, m + 2) with 
s E Dl and t E Dz then the digraph resulting by deleting the edge (m + 1, m + 2) is 
still strong. It follows that D has a minimatiy strong subdigraph other than the 
Hamiltonian cycle. Thus there are no edges, except (m + 1, m + 2), directed from 
D1 to D2. Using the similar argument (deleting the edge (1,2)), we can conclude 
that there is no edge directed from Dl to Dz except for the cycle edge (1,2). 
Hence 
IEI = IE(Dl)i =i= IE(D& + 2. (2 4) . 
The fact that D has‘a unique minimally strong subdigraph, does not imply that Di 
(i = 1,2) has a unique minimally strong subdigraph. However, it does imply that 
every minimally strong subdigraph of Dl (respectively Dz) contains the Hamii- 
tonian path (2, . . . , m += 1) (respectively (m + 2, . . . , n, 1)). By Lemma 2 and 
(2.4) we have 
E(D) s i(m + 2)(m -1)+&r-m+2)(n-m-+1)+2 
= 1 n*-m(n-m)]+n-m(fi-m) 
sn ( \ 2/ 4-n--(n-m) 
/\ n 5, 
\2/ 
+ 1. 
The last inequality is justified by the fact that the product zy with x + y = e ia 
minimized when the factors are 1 and n - 1 or in otherwords m(n - m) 3 n - 1. 
Equality holds when there is equality in Lemma 2 and m = n - 1 or m = 1. 
Assume that m = n - 1. Then D1 is the subgraph induced by {2,3,. . . , n). 
Equality in Lemma 2 implies that D1 is isomorphic to the digraph of Fig. 3 and 
hence D is isomorphic to the digraph of Fig. 2. The case m = 1 is identical. 
Fig. 3. 
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We may now assume that there is no pair of vertices i and j for which both (i, j) 
and (j - 1, i + 1) are edges of D. It is also clear that if (i, j) E E(D) then 
(j, i + 1) $ E(D). Let d+(i) = k. It then follows that ck-(i + 1) G pz - (k + 1). 
Heme d+(i) + d-(i + 1) G n - 1 for all i. Thus, 
IEI=zLA 0 I+ d+ i +d-(i+l))+(n-l)=(l). 0 
i=l 
We now consider the case where the unique minimally strong subdigraph is not 
a Hamiltonian cycle. 
e~rem 6. Let D be a strong digraph on n > 3 vertices whose unique minimally 
strong suhdigraph D’ is not a Hamiltonian cycle. then IE(D)I s ii). 
f. The proof is by induction on the number n of vertices of D. The case 
n = 4 cafe be checked using the fact that the unique minimally strong subdigraph 
D’ can only be one of the four digraphs of Fig. 4. If D’ = DI or D2 then D = D’. 
In the other two cases it can be easily checked that lE(D)i s 6. 
Now suppose the claim holds for k < n and let D be a digraph with n vertices 
satisfying the conditions of the Theorem. Since D’ is not a Hamiltonian cycle, D’ 
has an ear decomposition. That is, D’ contains a minimally strong subdigraph 
Do = (VG, Eo) on m vertices and a simple path (open or closed) P = 
( z?~, vl, . . . p tfii__.nrbJ. 1 h , w ere v2r . . . , v,-, are in V-V, while the vertices v. and 
%l-?#l+1 are in Vo, possibly v. = v,_,+~ [l]. We claim ihat we may assume that 
m 3 3. Indeed, since D’ is not a Hamiltonian cycle, m > 1. Moreover, if 
vo # %I-m+l we must have m 3 3. Finally, if a~, = v,_,+~ and m = 2, Do i’s a cycle 
of length n - 1 and P is a cycle of length 2. By interchanging the roles of these 
two cycles, we may assume that m 3 3. It follows from the inductive hypothesis 
and from Theorem 5 that the vertex subgraph DG of D has at most 
0 
T + 1 edges. Let D* be the simple digraph obtained from D by shrinking the 
set of vertices V. to a vertex V,* and identifying multiple edges to a single edge 
and eliminating self loops. The digraph D* is clearly strong and since D has a 
unique minimally strong subdigraph, so does D*. In fact the unique minimally 
strong subdigraph of D* is a IIamiltonian cycle. IIence, by Theorem 5, D * has at 
Fig. 4. 
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most 
(“-:+‘> 
+ 1 edges. Each edge in D* between V-V, and {If,*} corresponds to 
at most m edges in D. Thus the number of edges of D that are not in 
E(&) U E(D *) is at most m - 1. times the number of edges between Vg and 
1 Ul, . . . . tin+}. By Corollary 4, the number of edges in D between V,* and 
b l --9 V n-m is at most (n - m - 1). Thus 
Let D be a strong digraph on n vertices with a unique minimally strong 
subdigraph D’. Our results show that the number of edges of D is a number 
between II and fn(n - 1) + 1. The two extremes are attained when D’ is a 
Hamiltonian cycle, that is, when D’ has the fewest possible number of edges in a 
minimally strong digraph on n vertices. On the other hand, suppose the unique 
minimally strong subdigraph D ’ of D has the largest possible number of edges a 
minimally strong digraph can have. Then, 93’ is a symmetric digraph whose 
underlying graph is a tree f2] and has exactly 2n - 2 edges [3]. In this case we 
must have D = D’. 
References 
[l] C. Berge, Graphs, North Holland Mathematical Library, Second revised edition, 1985. 
[2] R. A. Brualdi and X. lendrick, A unified treatment of nearly reducible and nearly decomposable 
matrices, LAA 24 (1979) 51-73. 
[3] R.P. Gupta, On LGs and digraphs, J. Combin. Theory 3 (1967) 16-24. 
